Vertical modes 9
The quasi-geostrophic potential vorticity (QGPV) equation is given by Pedlosky [1987] :
where the streamfunction, ψ = p/( ρ c f 0 ), reflects the ocean pressure anomaly, p, and where specifically (u, v) = (−∂ψ/∂ y, ∂ψ/∂ x), and the surface value is linked to the SSH, ψ(x, y, 0, t) = 13 g f 0 η(x, y, t), if η is the height [LaCasce and Wang, 2015] . Also, f 0 is the mean Coriolis pa-14 rameter for the region and β is its derivative with latitude (both are assumed constant in the 15 QG framework), and N (z) is the "buoyancy frequency", defined such that N 2 = −g ρ c (dρ 0 /dz), 16 if ρ 0 (z) is the climatological density and ρ c is a reference value (roughly 1000 kg/m 3 ).
17
The baroclinic modes derive from the linear form of (1), i.e. neglecting the Jacobian 18 term. Assuming a wave-like solution in the horizontal:
an equation for the vertical structure, φ(z):
where
The baroclinic modes obtain for positive values of λ 2 .
The boundary conditions are no normal flow at the surface and bottom. This is applied 22 via the linear QG density equation [Pedlosky, 1987] :
For large scale motion, it is reasonable to assume the upper surface (at z = 0) is flat (the
24
"rigid lid" assumption; see Wunsch and Gill [1976] for a discussion). Then no normal flow 25 implies w = 0 and that the vertical derivative of φ is constant (usually taken to be zero).
26
The total depth is given by H = H 0 − h(x, y), where H 0 is the mean depth and h(x, y) 27 is the bathymetric height. The latter is assumed to be much smaller than the mean depth, so
28
that the boundary condition is applied at z = −H 0 . With a linear slope, such that h = αy, the 29 no normal flow condition requires:
The choice of slope orientation generally does not affect the results greatly, however waves 31 with velocities oriented parallel to the isobaths are unaffected by the slope. Substituting (4) 32 into the Fourier-transformed density equation yields:
after using the definition of λ to remove ω.
34
The case with constant stratification, N = N 0 , was studied by Rhines [1970] . The 35 solution to (2) which satisfies the surface boundary condition is:
Substituting this into (5) yields a transcendental equation for the eigenvalue , λ:
We solve this numerically, using Newton's method. We use N 0 = 10 −2 , which yields a first 38 deformation radius of approximately 40 km.
39
With exponential stratification, N = N 0 exp(z/d), equation (2) can be written:
where γ ≡ N 0 dλ/ f 0 , and where the Y n and J n are Bessel functions. Substituting this into the 44 bottom boundary condition (5) yields:
where:
We solve (10) numerically as well, using Newton's method.
47
Equation (2) As the slope is increased from zero, the BT mode morphs into topographic waves, becoming 52 more bottom-trapped with stronger stratification [Charney and Flierl, 1981] . The linear two layer quasi-geostrophic model with wind forcing, bottom friction and a 55 bottom slope in the N-S direction is written [Pedlosky, 1987] :
Here ψ i is the streamfunction in the layer and
is the Froude number, where 57 g is the "reduced gravity" and H i the depth of the layer. The inverse root of F i is the defor- iωt), the system can be written in matrix form:
where a, b, c, d and T involve coefficients which result from the Fourier-transformed ver-sions of (12-13). The solutions follow from Cramer's rule:
where the determinant can be written:
if
For the results shown in Fig. (3) , we assume no variation in the y-direction,
68
so that l = 0. Assuming a white spectrum for the wind forcing, T is independent of wavenum-69 ber. Thus the quantity plotted in Fig. (3) is |d/ | 2 .
70
The three bracketed terms in (16), when equated to zero, yield the dispersion relations 71 for BT, BC1 and surface mode Rossby waves, respectively:
These are indicated by the dashed curves in Fig. (3) . When there is no bottom friction or hence the surface response greater) if the surface mode dispersion relation is satisfied.
76
To calculate the ratio of kinetic energies plotted in Fig. (3c) , we evaluate the expres-77 sion forψ 1 using the BC1 and surface mode dispersion relations above to eliminate ω. The 78 resulting expressions are used to determine the upper layer kinetic energy, k 2 |ψ 1 | 2 /2. The 79 ratio is then integrated with respect to the wavenumber, k.
80
The dispersion relation for topographic waves is obtained by setting β, τ and r to zero 81 in (12-13). The result is [LaCasce, 1998 ]:
according to [Pedlosky, 1987] :
We've neglected wind forcing, but now include the nonlinear (advection) term. Assuming 86 the wave amplitude is small, the advection term is smaller than the others and the flow can be 87 expressed as a superposition of Rossby waves. Advection permits energy exchange between 88 the waves, in groups of three (triads) [Fjørtoft, 1953; Merilees and Warn, 1975] . Note that 89 under QG, the waves are formally not greatly smaller than or larger than the deformation 90 radius. 
with the indices (i, q, r) equal to (1, 2, 3) or cyclic variations thereof, and
98
We assume the wavenumbers are ordered, such that K 1 < K 2 < K 3 . Further, the 99 amplitude of the middle wave, a 2 = A, is taken to be much larger than those of the other 100 waves initially. Then the first and third equations of (20) can be combined to yield:
after neglecting terms involving products of the secondary amplitudes. If the right hand side 102 is positive, a 1 has a solution which grows exponentially in time, with a growth rate equal to 103 the square root of the coefficient of that term. Exploiting the fact that the wavenumbers sum 104 to zero, the growth rate can be written:
where γ = K 1 /K 2 ,F = F 1 /K 2 2 and θ is the angle between k 1 and k 2 . The growth rate is 106 shown in Fig. (1) below, assuming k 2 = 1 and l 2 = 0. 
